In this paper, the congruence pairs on additive inverse semirings are defined. Some results about congruences and congruence pairs on additive inverse semirings are given. Our main conclusion is that congruences on semirings are ascertained by congruence pairs on it uniquely.
Introduction
A semiring S is defined as an algebra system (S, +, ·), such that (S, +) and (S, ·) are semigroups connected by a(b + c) = ab + ac and (b + c)a = ba + ca for all a, b, c ∈ S. A semiring S is a skew ring if its additive reduct (S, +) is a group. A semiring S is an additive inverse semiring if (S, +) is an inverse semigroup.
A nonempty subset A of a semiring S is called an ideal of S if a + b ∈ A, sa, as ∈ A for all a, b ∈ A, s ∈ S. If S is an inverse semiring, we denote −a the unique additive inverse of a, E + (S) the set of all additive idempotents. Easily, we can prove if S is an additive inverse semiring, then E + (S) is an ideal of S.
A relation R on the semiring S is called compatible (with the operation on S) if
A relation ρ on S is called a congruence if and only if it is an equivalence relation and compatible with the operation on S.
Semirings with special additive reduct are studied in ( [5] , [9] , [6] , [4] , [3] , [7] ). The congruences and the congruence pairs on an inverse semigroup( [2] ) and orthorings ( [8] ) are characterized respectively. Other definitions and results about semigroups and semirings are referred to [2] and [1] . In this paper, we only considered the additive inverse semirings and we will generalize some results about congruences and congruence pairs on additive inverse semirings and give some characterizations and structure of additive inverse semirings.
Characterizations and Structure
Let ρ be a congruence on an additive inverse semiring S. The restriction of ρ to E + (S) is a congruence on E + (S), which we call the trace of ρ and write as τ = trρ.
Definition 2.1. Let S be an additive inverse semiring, σ a congruence on 
Next, we define N = ker ρ, the kernel of ρ, to be the union of all the additive idempotent ρ-classes:
We can easily prove that
Definition 2.3. Let S be an additive inverse semiring and T a subsemiring of S. T is said to be full, if T contains all the additive idempotents of S. Definition 2.4. Let S be an additive inverse semiring and T a subsemiring of S. T is said to be self-conjugate, if a ∈ T implies −x + a + x ∈ T for all x ∈ S. Definition 2.5. Let S be an additive inverse semiring and T a subsemiring of S. T is said to be normal, if T is full and self-conjugate.
Proposition 2.6. Let ρ be a congruence on an additive inverse semiring S. Then N is a normal subsemiring of S.
Proof. Clearly N is a nonempty subset of S. If x ∈ eρ and y ∈ f ρ for some e,f in E + (S), then x + y ∈ (e + f )ρ ⊆ N, xy ∈ (ef )ρ ⊆ N, and hence N is a subsemiring of S. Certainly N is full, in the sense that it contains all the idempotents of S. Also N is self-conjugate, for a ∈ eρ implies that −x + a + x ∈ (−x + e + x)ρ ⊆ N. So N is a normal subsemiring of S.
Proposition 2.7. Let ρ be a congruence on an additive inverse semiring S. Then trρ is a normal congruence on E + (S).
Proof. If (e, f ) ∈ trρ, then −a+e+a, −a+f +a, ec, f c, ce, cf are in E + (S), and hence (−a+e+a, −a+f +a) ∈ trρ for all a in S and (ec, f c) ∈ trρ,(ce, cf ) ∈ trρ for all c in S. So trρ is a normal congruence on E + (S).
We might hope that the properties of a congruence ρ could be completely described in terms of its kernel ker ρ and its trace trρ. This turns out to be the case. But before we can state a theorem we observe two connections between the kernel and trace. First, for all a in S and e in E + (S), we have the following implication:
In fact, suppose a + eρf , where f ∈ E + (S). Then a = a + (−a) + aρa + eρf, and so a ∈ ker ρ. Also, the following implication can be obtained:
For suppose that a ∈ eρ, where e ∈ E + (S). Then, as already observed, −a ∈ eρ, and it then follows that a+(−a), (−a)+a ∈ eρ. Thus (a+(−a), (−a)+a) ∈ trρ.
We now produce an abstract version of the kernel and trace. As usual, S is an additive inverse semiring. Definition 2.8. Let N be a normal subsemiring of S and τ a normal congruence on E + (S). The pair (N,τ ) is said to be a congruence pair of S if (c1) a + e ∈ N and (e, −a + a) ∈ τ ⇒ a ∈ N; (c2) a ∈ N ⇒ (a + (−a), (−a) + a) ∈ τ for all a ∈ N, e ∈ E + (S).
Remark 2.9. Let S be an additive inverse semiring. Then (E + (S), 1 E + (S) ) is a congruence pair of S, where 1 E + (S) is an identity relation on E + (S).
Before we state our main theorem, it pays to prove the following technical lemma: Thus the lemma is proved.
Lemma 2.10. Let S be an additive inverse semiring, (N ,τ ) a congruence pair and a, b ∈ S, e ∈ E + (S). (i) If
We now have our main result:
Theorem 2.11. Let S be an additive inverse semiring, ρ a congruence on S, then (ker ρ, trρ) is a congruence pair of S. Conversely, if (N ,τ ) is a congruence pair of S, then the relation
is a congruence on S. Moreover, ker ρ (N,τ ) = N, trρ (N,τ ) = τ , and ρ (ker ρ,trρ) = ρ.
Proof. By virtue of (1), (2) and proposition 2.6 and 2.7, we have in fact already established the first statement in the theorem. So suppose now that (N,τ ) is a congruence pair, and let ρ = ρ (N,τ ) be as defined. First, we shall show that ρ = ρ (N,τ ) is a congruence on S. For this we must prove that ρ is an equivalence relation. ρ is a reflexive relation since N is full, and is a symmetric relation since τ is symmetric and N is an additive inverse subsemiring. To show that 
Thus acρbc. Also, again modulo τ ,
We have shown that ρ = ρ (N,τ ) is a congruence on S. It is clear that if a ∈ eρ with e in E + (S). then −a + aτ e and a + e ∈ N. By (c1) it follows that a ∈ N. Thus ker ρ ⊆ N. Conversely, if a ∈ N then a + e ∈ N with e = −a + a, and certainly −a + aτ − e + e; hence a ∈ eρ ⊆ ker ρ. Hence ker ρ (N,τ ) = N.
Next, to show that trρ (N,τ ) = τ . let e, f ∈ E + (S) and suppose that (e, f ) ∈ ρ = ρ (N,τ ) . Then e = −e + eτ − f + f = f.
Hence trρ ⊆ τ . Conversely, if eτ f , then −e + e = eτ f = −f + f and e − f = e + f ∈ E + (S) ⊆ N; hence (e, f ) ∈ ρ ∩ (E + (S) × E + (S) = trρ. That is trρ (N,τ ) = τ .
To establish the final statement in the theorem, suppose first that (a, b) ∈ ρ. That is, (a, b) ∈ ρ, and this, together with the inclusion proved in the previous paragraph, gives us ρ = ρ (ker ρ,trρ) , as required.
